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1 Introduction
Template matching has been extensively used as a way of recognizing objects and shapes 
in image processing applications. Grey level templates have been succesfully used in 
many rel-world systems.
Template matching however does not tolerate small variations between the mode- 
limage and the image data. Small geometrical distortions have a negative effect on 
correlation-based template matching techniqus and he discriminating power of these mea­
sures for gray-level template matching decrease quickly as small deformations occurr in 
the image data.
In this paper, we present a general theory of n-dimensional pattern matching. The 
main idea is based on allowing for some deformation of the template, so that an optimal 
match with an image is obtained. While the template deforms, it enters a state of internal 
“stress”, caused by the increase in its elastic energy. This can be seen as a form of energy 
that is necessary to spend in order to improve the agreement between the template and 
the image, the method is a trade-off between the template-to-image matching operation 
and the energy that is necessary to accomplish that match.
To picture out the situation in the case n =  2, imagine one is given a photograph 
and a sheet of transparent rubber with a similar -  but not identical -  image on it. The 
goal is to make the image painted on the rubber and the given photograph to coincide 
as much as possible.
You will start deforming the rubber -  in 2 dimensions -  pulling parts toward areas 
of the image that give a better match. In doing this, the essential requirement will be 
to match equal gray levels. If, for every point, the deformation is such that the gray 
level in the photograph equals that in the painting on the rubber, the match is perfect. 
In addition, not all the deformations are allowed. For instance, it will not be possible 
to rip the rubber, nor to compress it so much that a region of finite area disappears. 
Other deformations, although allowed, will be very costly in terms of the energy spent 
to deform the rubber. A compromise between the “quality” of the match and the energy 
spent to reach it is sought. Our theory is essentially a mathematical formalization of this 
process.
As in equation of motion of a physical system, the description of the final state of the 
deformed template will be given in the form of a variational equation [11]. The solution is 
the deformation that minimizes a cost functional obtained by balancing the deformation 
energy and the match error. In this case, the match error acts as a potential field, whose 
ground state is reached when the match is perfect.
We can exploit further the physics analogy by raising invariance issues. In mechanics, 
the Noether theorem is used to derive conservation laws from physical laws expressed 
as variational problems [7] given a group of transformation to which the Hamiltonian 
to be minimized is invariant. The connection between variational problems and local 
symmetry of the Lagrangian has been object to considerable research [5, 1, 9, 6].
A side effect of this theorem, which is highlighted particularly in [5, 11], is to give the 
conditions that a Lagrangian function has to satisfy in order to be invariant to a given 
transformations group.
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As we will see in the following, the variational problem stemming from our approach 
will result in a series of differential equations with a number of arbitrary constants. In 
physics, these constants depend on the properties of the elastic body. In the pattern 
matching case, since we are dealing with an abstract model, we are free to set these 
constants. We can then use the Noether theorem and set these constants so that the 
resulting variational problem is invariant with respect to a transformations group we 
choose.
As noted above, template matching is known to behave poorly in the presence of 
distortions. In particular, many matching measures do not exhibit graceful degradation 
with the amount of distortion in the pattern. In most cases, template matching is de­
signed to dealy only with rigid motion transformations. In [8], for instance, the Hausdorff 
distance is used to match either two images or a sub-image against a larger image that 
contains it. The main application of the method, as pointed out by the authors, is to 
find correspondences in translated images, although they report a few results dealing 
with general rigid motion.
The idea that matching could be improved by making the template elastic was set 
forth by Widrow [18, 19]. Widrow was concerned with the recognition of very particular 
shapes -  such as chromosomes and ECG images -  in which the shape and the allowed 
deformation could be described by a finite set of parameters.
The approach was generalized by Burr [3], by proposing a method to register images. 
Each image is described by a set of edge points. During a first phase, each edge point 
computes its distance to all the edge points in the other image, and estabilishes an 
association with the closest point. This will, in general, result in a number of associations 
that are not “perceptually pleasing” that is, in a number of correspondences between 
points of the two images different from those a human observer would do. To improve 
the association, Burr uses a relaxation method in which neighbor edge elements constraint 
each other so as to be associated to nearby edge element in the other image. In other 
words, the relaxation method enforces the association between the two images to be a 
(locally) topology-preserving transformation of one image into the other.
A problem with this approach is its discreteness: although it is possible to define a 
topology in discrete sets (and thus endow them with the notion of a continuous trans­
formation), this notion does not always fit the perceptual notion of continuity. Also, 
invariance problems axe much more difficult to deal with in the discrete than in the 
continuous cse.
On the contrary, our approach to deformation is purely continuous, that is , and 
based on the theory of the elastic deformation of a mechanical continuum [2, 12]. Similar 
appraoches have been used for image regularization [4, 17]. In this case, the model is a 
thin plate -  a 2D surface moving in a 3D space -  that is attracted toward the image data 
while being forced, by its own internal forces, to mantain certain smoothness character­
istics. The approach proposed here, on the contrary, is based on the deformation of a 
n-dimensional body in an n-dimensional space, and is based on the elastic deformation 
of a general continuum rather than on the special case of a thin plate.
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The paper is organized as follows. In sect. 2, we introduce the elastic template, the 
mathematical formulation of its state of distortion, the measure of the match between the 
elastic template and the image, and the variational problem resulting from the optimal 
matching problem. In sect. 3 we use the Noether theorem to derive the equations that 
ensure invariance of the solution of the problem with respect to a given transformation 
group. The theory we present in these two sections is very general, but the equations 
stemming out of it pose a formidable mathematical problem. In sect. 4, we reduce 
the problem to a more manageable form by making some simplifying assumptions. The 
numerical technique used to solve the variational equations is presented in section 5. 
Finally, in section 6 we report a few examples.
2 Distortion Robust Pattern Matching
The method developed in this paper measures the match between two entities: an image 
I  and a template T .
An image is a function I : S  C 3Rn *-> [—1,1], where S  is a compact. We assume that 
/  is smooth (C 00). The template T  is also defined as a function T  : 5  C 1 "  •-> [—1,1], 
with the same continuity requirements as I.
In our approach, the template is deformed in IRn to obtain a match with the image. 
We do this by compromising between two quantities: the match between the template and 
the image (to be maximized) and the elastic energy of the deformation (to be minimized).
The compromize between tese two opposite requirements, i.e. high match and low 
deformation will be defined as the weighted sum of two fundamental terms.
The first term is the elastic energy of the template, and depends only on its defor­
mation. In the first subsection, Cynematics of the Deformable Template, we introduce 
the expressions that describe the deformation of the template. In the second subsection, 
Template Stress, we use these quantities to derive an expression of the elastic energy 
given the state of deformation of the template.
The second term is a measure of the match between the template and the image in a 
given state of deformation, and is introduced in the subsection Matching the image.
In the final section The Variational Formulation, we incorporate these two terms in 
a variational problem whose solution gives the “optimal” deformation of the template.
In the following we will assume that all lowercase latin indeces range in 1, . . .  n, and 
the summation convention will be enforced, thus, we will have: 1
x xyi =  ¿ x ’y,. (1)
*=i
1 Although it is customary in differential geometry to apply the summation convention only when 
the same index is repeated once as a contravariant index and once as a covariant index, to simplify the 
notation we will apply it also when the same symbol appears twice as a contravariant index.
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Figure 1: The relation between the x and the 77 coordinates before and after the defor­
mation of a rectangle
2.1 C ynem atics of th e D eform able D em plate
Let a: be a coordinate system in IRn with coordinates x'. We have the image I  defined 
in x* and assume that I  has been properly normalized so that
[  I(x ')dx  =  0 (2)
J  s
Without loss of generality, we will asssume that the coordinate system x is rectangular, 
so that its Riemann tensor is gij =
The template T  is a continuum that moves in IRn, and its movement can be described 
in terms of the movement of its points. Given T  in the coordinate system x, the coor­
dinates Xo of the point of T  that, at t =  0, will change according to a law of motion 
x*(i) =  x*(xo; t).
Since in the following we will always consider a final “rest” state, without being 
involved in the motion that led to that state, we will usually drop the variable t, and 
write: x* =  x*(xo).
The motion description given above is in terms of Eulerian coordinates. We can also 
introduce a Lagrangian coordinate system 77* that is dragged along with the template T  
as it moves [15].
To picture out the situation, imagine a piece of jelly with a network of tiny red ropes 
in it. The jelly is laid on a table where a second network of tiny green ropes is laid. As 
the jelly moves, the red ropes (the Lagrangian coordinate system) move with it, while 
the green ropes stand still (the Eulerian coordinate system). It is clear that, at any time, 
the coordinates of a particle of jelly with respect to the red ropes is unchanged, while 
the coordinates of the same particle with respect to the green ropes change with time.
Fig. 1 shows the situation before and after the deformation. Before the deformation, 
the coordinate systems x and 77 coincide, and in both the coordinates of the black dot are 
(3 ,2 ). After the deformation, the coordinate system 77 has been deformed and dragged
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along with the jelly, and thus the coordinates of the black dot, in this coordinate system 
are still (3 ,2 ). The x coordinate system, on the other side, has remained unchanged, but 
the x coordinates of the black dot have changed to (4.25,1.25).
We can use the coordinates r] to denote the points in the template T  at any time 
(since they are unchanged), and use them to write the movement of the template in the 
x coordinate system. Thus we write:
x* =  u\r)h) (3)
where id, i =  1, . . . ,  n are smooth functions. This equation tells us where a given point p 
-  that in the deformed coordinate system has always the coordinates rjh -  has moved in 
the x coordinate system after the deformation. Since the coordinate system rj is arbitrary, 
we can choose it so as to coincide, at time t =  0, with the system x; thus: tjq =  x l0. This 
way, u'(r)h) is the displacement of the point rjh from the initial to the final state.
The method we are developing requires a measure of the template deformation. To 
this end, we suppose that, at t — 0, the template is in an undeformed -  or minimal 
energy -  state. This state is defines as the rectangular coordinate system rj0 =  xo-
The template is then deformed (the cause of this deformation are not our concern, 
for the moment). While doing this, its Lagrangian coordinate system rj will be deformed 
and, when a new equilibrium is reached, it will be characterized by a Riemann tensor g 
and a Riemann Connection T -.
Given the relation (3) between the two coordinate systems, is possible to express g 
as:
d xh dxk dxh d xh
9ij =  d-q' dr,i9hk =  a ^ l v  ( ’
where, in the last equality, the index h is to be considered as summed over. In view of 
(3), an using the abbreviated notation
we can write:
u
def duk 
~  dr}'
~ ___ /i „, /i
9ij =  u,iu,j
(5)
(6)
In the undeformed state, g  and g coincide. In that state, we can write the volume
element as:
dsl =  gijdg' dg3 (7)
while, after the deformation, we have:
ds2 =  gijdrf dg3 (8)
The deformation in the volume element is given by:
ds2 -  dsl =  (Slij -  9ij) dr}1 dr}3 (9)
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Let 13 be a base of the coordinate system x, and 13 a base of 77. If the displacement 
between two points in the medium is u, then:
Û, =  ( i f  +  V.-Ufc) ü h
and
V, =  ( i f  -  V ,Uh) U/,
We define the finite displacement tensor as the tensor whose components are:
def
or:
9%j ~  9 i j  —  ( Ü i , l 3 j )  (13i ,  13j )  _  € i j
def 1 / ~ x
£*j =  2 ~  9'i )
The finite displacement tensor expressed in the basis x  is:
and with respect to the basis of rj:
£ =  eijiyty
£ =  EijV'W
(10)
(11)
(12)
(13)
(14)
(15)
Note that, although the two tensors e and e have the same covariant components, they 
are not the same tensor. For instance, the contravariant components of e are given by:
e i j  =  g ik g ik £  kk
while the contravariant components of e are given by:
=  gik~gihekh
(16)
(17)
The covariant components of the displacement tensor can be expressed interms of the 
displacements u as:
(18)e,j =  -  (V,Uj +  VjU,- -  V ,u aV } ua)
where V is the covariant derivative defined as:
=  +  T L v r  =  “ ■*'+  r L “m 
If the displacements are infinitesimal, then e =  e, and
£ij =  — (V,-Uj +  VjU,)
(19)
(20)
The Lagrangian coordinate system 77, and the deformation tensor e represent the 
mathematical formulation we were looking for to describe the deformation of the tem­
plate. The tensor £ is a measure of how locally, i.e. in a neighborhood of each point in 
the coordinate system 77^ , the metric properties of the coordinate system 77 have changed 
as a consequence of the deformation.
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2.2  Stress of th e D eform ed T em plate
In orer to produce the deformation described in the previous subsection, a certain energy 
will be necesary. This energy is one of the two key elements in the new shape matching 
theory (the other being the matching error, that will be presented in the next subsection). 
In this subsection we will derive an expression for the deformation energy.
The energy spent in deforming the template stems from of a force whose action is to 
try to keep the template undeformed. This force can be described, as in mechanics of 
the continua [12, 2] by using the stress tensor that describes, locally, the force by which 
the medium reacts to a given deformation. If is a deformation giving rise to the stress 
r ,J, then the energy spent to force the body to deform is (locally)
Since the stress r  is a consequence of the deformation we are imposing to the body, 
it will in general be expressed as a function of e.
Furthermore, we assume that the template is elastic, i.e. that the energy spent to 
reach a given deformation state is equal to the energy released from the template going 
from that state to the undeformed state. Moreover, it is assumed that it is linear, that 
is, all transformations are reversible .
In this case, given the deformation u, and the corresponding deformation tensor e, 
the elastic stress tensor of T  is given by
r «  =  ciikhe hk (21)
where c is the fourth order characteristic tensor of the template, which depends on the 
characteristics of the material the template is made of.
The characteristic tensor is made up of n4 coefficients. However, not all these coeffi­
cients are independent, as they must satisfy a number of symmetry requirements2:
,ijhk -  ¿ihk (22)
,tjhk =  c',kh
,ijhk =  Chkii
(23)
A very simplified case, in continuum mechanics, is given when the body is homoge­
neous and isotropic. In this case, the tensor c reduces to just two constants.
Analogously, we will defined a template regular when:
r *  =  A +  2y.Sih8ikSKk (24)
The deformation energy at a point 77*is given by:
Ld(u(rj)) =  TtJ£ij =  ctjkhehk£ij (25)
2In physics, these symmetry conditions come from the necessity for the body to satisfy physical 
principles such as the conservation of energy. Since we are dealing with purely abstract objects, we could 
drop these laws, and deal with completely general fourth order tensors. Complying with the physical 
requirements, however, lets us resort to a number of useful results that have been proved for physical 
systems and that would not be valid for the general fourth order tensor case. Therefore, whenever not 
necessary to do otherwise, we will adhere to the physical requirements.
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(26)
while the deformation energy for the whole template is:
J  ctjkh£hk£ijdr]
2.3  M atching th e  Im age
When the template is undeformed, the matching error can be measured by taking the 
difference between the values of T  and I  at the same point. In its most general form, the 
matching error will be expressed as:
M (0 ;/ ,T )  =  /  (27)
J  s
=  J ip(I(x), T (x ))d x
where is a function such that:
'l’ ( f j ) < ' l > ( f , 9 )  (28)
The first parameter of M  is the deformation field, and in (28) it has been set to zero to 
emphasize that no deformation is considered.
If the template T  is deformed by the deformation field u, corresponding to a La- 
grangian coordinate system 77, then the point 77* of the template corresponds to the point 
u*(rfh) of the image. Thus, the matching error between the deformed template and the 
image is:
M(u\ I , T ) =  (  *(/(«(77)), T(r,))dn (29)
Js
Different functions t/> yield different metch measures. Some examples are the least squares:
m « ( v ) ) ,  m )  =  \ [/(«(>»)) -  n n f  (30)
or the correlation (which is possible in this form because of (2)):
^  [7[“ (>?)]. r(>?)] =  - I  [u(i?)].T(i?) (31)
2 .4  T h e V ariational Form ulation
The compromise between the two opposite requirements, i.e. high match and low defor­
mation, can be expressed as the minimization of the weighted sum of the two:
L =  J  Ld +  aL mdr]
=  f  c'3khShkeij +  aip(I(u(ri))yT(ri))dr) (32)
Js
where a  is a suitable constant used to balance between the two opposite requirements.
This is a variational problem with a regularization term (L m), of the type discussed 
in [16]. The solution u can be found by solving the Euler-Lagrange equation:
{ € ! £ } »  =  0 . (33)
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(34)
where, if L depends only on the first and second derivatives of u ,
{ 4 L } ,  (“ )
def 9 L
~  du*
d * dL  ' d21 ’ dL '
drjh . d< . ' drjhdrjk _du3M
For the derivation of (33) see, for instance [11, 5]. Since the term Ld does not depend on 
u, and the term Lm does not depend on the derivatives of w, we can write:
W h  («0
dtp d l
a 'd ld u {
d ‘ d U d 21
i------•a
■____
d r ] h 1 d r ) h d r ] k . d u M .
(35)
The eq. (33) is a system of partial differential equations in the unknowns uh, whose 
solution gives the optimal deformation for the regularized matching problem (32).
The parameter a  weights the relative importance of the matching and of the regularity. 
If a  =  0 the solution is the undeformed template. This reduces the problem to traditional 
pattern matching.
If a —ï oo, then the deformation is disregarded, and only matching is weighted. The 
template may undergo arbitrary transformations, even discontinuous ones. The problem 
is, in general, mathematically ill-posed [16].
Note that the constant a  can be incorporated as a multplicative term into the c tensor 
and thus will be generally omitted in the follwing. In this case, the tensor c plays the 
double role of a regularization parameter and of the description of the elastic properties 
of the template.
3 Group Invariance
Pattern recognition -  especially when applied to computer vision -  often raises invariance 
issues. In the most common instance of the problem, the transformations with respect 
to which we want to achieve invariance form a group. The most widely discussed groups 
in pattern recognition are probably the groups 0 (2 )  and 0 (3 )  of rotations. However, 
the problem can be posed in a more abstract and general way that include, for instance, 
scale expansion/contraction.
Most of the literature about invariance deals with the problem of finding a set of 
features invariant with respect to a given transformation group (e.g. [10]). The case we 
deal with in this section is different: we must find a way to ensure that the solution of 
the system (33) is invariant with respect to a transformation group.
Suppose we are given a m-dimensional Lie group G of transformations mapping IRn 
into IRn. Let q €  G be one of such transformations. If an image I  undergoes a transfor­
mation I(x )  h* I(q x ), and is the template T  yielded an extremum for the Lagrangian L, 
then the template T(qrj) must yield a minimum when applied to the transformed image.
This requirement is trivially valid for Lm. Our requirement is therefore the following:
Given a group of transformations G,we look for the conditions under which 
Ld[T(r])] =  L d[T{qr])\ for all q €  G.
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To guarantee this, we apply the Noether theorem. Suppose the group G is a Lie 
algebra of dimension m  with infinitesimal generators In the following, greek indeces 
will always take values in [1, . . .  ,m ]. The Noether theorem says that the lagrangian Lj, 
is invariant with respect to the Lie algebra G if:
{ ‘ IM *  C  «•' =  - ¿ L  { « ? < * }  (36)
Note that this property is stated in terms of the Lie algebra generated by C" and thus is 
a local property: it does not hold, in general, for all the elements of the group G.
• To develop (36), we first make an observation on u. Consider a second Lagrangian 
coordinate system fj with
fj* =  (37)
and a point P  in the template with Lagrangian coordinates 77. The Euleran coordinates
of P  are given by
x * =  u\r]h). (38)
If we adopt the Lagrangian coordinate system fj, the Euleran coordinate system will not 
change. Therefore, if u is the transformed deformation, we will have:
x * =  u'(r]h) (39)
or
ui(rjh) =  u'(rih). (40)
This means that uj behaves as a scalar with respect to transformations of the Lagrangian 
coordinate system and therefore, its Lie derivative can be written as:
C  « * - « £ < *  (41)
Qv
Moreover, we can write:
WT =  | r - « i  -
Therefore, eq. (36) can be rewritten as:
df)m |guj
dLd /.k
-  LdC
The second term in this equality can be expanded as:
d
drjr
dL d j
duJn « i f f  -  LdC
d ‘ dLd '
drjm duJ,m.
+
dLd du^ C
du\m drtm
OLdCl
dr]1
-mt/
(42)
(43)
(44)
(45)
(46)
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while the first term can be expanded as:
{«I £«}«> =
d
dri7
dLd
duJ,,m
< c l (47)
In the equality (43), the term (47) cancels with the first term of the expansion (44). 
Therefore, (43) can be rewritten as:
dL d dLdC
0tx?m dr)m d rT
(48)
This is a system of m partial differential equations, and represents the condition 
that the lagrangian Ld must satisfy to be invariant with respect to the Lie algebra with 
generators To expand this, define:
,m
£ij,k —
deg
dukm
(49)
From this and (25), we obtain:
dL d
du%
=  cijkh [ed ehk,p + Shk i^
q
'j,P (50)
Therefore, the condition (48) can be expressed as:
d u \ C  d L t C
c " kh [erse iktm + dr]1 drj1
=  0 (51)
4 A Simplified Case
In order to makethe theory presented in the previous sections applicable in practice, 
we must simplify the mathematical problem of solving the equations (33) and enforcing 
the conditions (51). To do this, we make the simplifying assumption that, after the 
deformation, the direction of the iso-77 lines in the coordinate system x changes slowly. 
This means that the tangent to the curves u-7 =  const,] ^  i changes direction slowly.
A consequence of this is that in the deformed coordinate system we have T^t- 1, 
and, therefore, the covariant derivative reduces approximately to the regular partial 
derivative:
VjUi »  uitj. (52)
The deformation tensor can then be written as:
£ij =  2 (eM +
Note that, with this assumption, the difference between covariant and contravariant 
components disappears. Therefore, we will indicate all the indeces as subscripts. Also, 
to avoid confusion, in this section we will drop the summation convention and, instead, 
will explicitly indicate summations.
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Moreover, we make the assumption that the material is homogeneous and isotropic 
[12]. In this case, the stress tensor can be written as:
T{j — A ^  ^Skk i^j “t“ 2fi£ij 
k
(54)
in this case, the Lagrangian can be written as:
L -  A + 2 j i ^ ( e P9)2 +  ip{I{u(rj)),T(ri))
\ k / P.9
(55)
Moreover, because of (53), the lagrangian L does not depends on the second derivatives 
of u and thus, the Euler-Lagrange equations can be written as:
r I n  _  d l  _  d  
1 1 ^  -  d I  duj L j  Qvk
dLd
9uj,t
= 0. (56)
Expansion of (55) gives:
r , n  _  d l
i e\L ^  d I  d u j (A +  2fJ.) um,mk 4" 2/i U/j ,r =  0 (57)
(for j  =  1 ,2).
This equation contains the two arbitrary constants A and We can fix one of them 
imposing an invariance condition by means of eq. (48).
We consider the one-parameter group of rotations in the plane:
fji = 771 cos t -1-772 sin t (58)
772 = —771 sin t + r]2 cos t (59)
and look for invariance with respect to its Lie algebra
iji = m + 772* (60)
rfe = + *?2 (61)
whose infinitesimal generators are:
i Cl = »72 
\ =
(62)
Note that, for this group, we have:
af"iCm = 0 m = 1,2
OT]m (63)
so that eq. (48) can be rewritten as:
dLd diijtk Ck _q
m duj,m k dVrn
(64)
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We need to expand the two factors that appear inside the two summations. The first 
can be expanded noting that, from (55), it results:
2
Ld =  A +  2 / i ^  (epqy
\ k t  P.<7
and, therefore:
d i d
—  ^ V’P'pSjm 4" 2/i (umJ  +  «¿m)
d u j tTn p
For the second, writing down the expression for Ok given in (62), we obtain:
8
drjT [«¿1*72 -  =  {  u l
11V2 -  ui,2iVi -  “ ¿,2 if rn = 1 
12V2 + uj,i ~ uj,22rt\ if = 2
(65)
(66)
(67)
is:
Putting the two terms togheter, and doing the summations, we obtain:
A Z ) « p,p [(«¿11*72 -  Uj,21*71 ~  «i,2) +  («¿12*72 +  «¿1 “  «¿22*71)] (68)
p
+  2/i K « i d  +  « ¿ 1 )  ( « ¿ h *72 ~  «¿21*71 -  « ¿ 2 )  +  (**2,j +  U j,2) ( u j t 12*72 +  U j,i  -  *¿¿22*71)]
3
Let us work on first order only, and assume that the us are approximately linear, that
Ui =  A,i*7j (69)
3
In this case, after some manipulation, (69) becomes:
(A +  2fi) (A11A21 — A11A12 +  A22A21 — A22A12) (70)
that can be made equal to zero setting:
A =  —2/x (71)
This condition gives invariance with respect to the Lie algebra of infinitesimal rotation 
in a neighborhood of the null rotation. If we enforce this condition, the Euler-Lagrange 
equations simplify into:
{ 4 L } *
dj> d /  
d l  dui — 2^ Y ! Uk,mmm
dxj> d l  
d l  dui 
0
2 /¿V 2Ufc
(72)
The parameter fi works both as the template rigidity and as the regularization pa­
rameter. Low values of /z produce solutions in which deformation is disregarded, and 
only matching is measured. These values of /z may result in ill-conditioned or ill-posed 
problems.
High values of /z, on the other hand, cause the deformation to be preponderant over the 
match in the cost balance. In this case, the template'will undergo very little deformation.
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5 Numerical Issues
In this section we discuss briefly the numerical solution of the differential equation (72). 
This equation resembles superficially the Poisson equation:
V 2u +  f{rj) =  0 (73)
with the (important) difference that the second term is a function of ry in the Poisson 
equation, while it is a function of u in (72).
In spite of this difference, we use the same basic technique usually employed for the 
numerical solution of the Poisson equation: the relaxation method [14], with a slight 
modification due to numerical stability reasons.
We approximate the functions u 1 and u2 with their values taken on a suitably dense 
grid:
/  «** »  «*[«', i] =  « ‘ [I'AqMAT)2] N
{  u2 w u2[i/,i] =  u V A q S fA q 2] 1 >
(note that, to avoid confusion with the indeces of the coordinate system, we will use 
lowercase greek indeces for the grid coordinates). We approximate the derivatives of uj 
with the first order finite differences as:
a ir , ,  4«? “JV + 1 .£ ]
A “ > . Ì ]  =  ---------------^ --------------
^  j  def
U’2 “  A T]
def
(75)
(76)
(we assume, for the sake of simplicity, Ary1 =  Arj2 =  Ary). The second derivatives can 
be approximated by the finite differences of the first order finite differences. This gives:
a 2 i  4ef Uj [lS +  1 ,  { ]  -  2 { ]  +  Uj [V  -  1 ,  f ]Za u n —
(A»?)'
A 2 i  4s? +  1] -  2u2[i/,{]  + 'u3[i/ ,£  -  1]
A  U'22 =  (SJ5*
Moreover, we need to compute the derivative:
Q‘{v,Ci = ^yJ^i^Av + uV.iUAq + uV.f])
(77)
(78)
(79)
In real caseses, the image I  is not defined in IR2, but only on the points of a grid 
that, in general, does not identify with the grid of the us. To compute the derivative 
(79) at an arbitrary point (ry1, ry2), we make a bilinear interpolation of the image data at 
the four pixels surrounding the point. The same bilinear interpolation will be used also 
to compute the derivative of the image.
Note that this procedure is a potential source of instability, since the computed deriva­
tive turns out to be discontinuous. More sophisticated methods can make use of local 
approximations by cubic splines.
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Putting togheter eqs. (77), (78), and (79), we obtain a nonlinear algebraic system of 
2 x Np x Np equations:
A
uJ [v +  1, (] +  uJ [i/ — 1, f] +  uJ [z/, £ +  1] +  uJ [v, £ — 1] — 4iP[i/, £] 2^“ <3j W, f] =  0 (80)
with j  =  1 ,2  i/, £ =  1 , . . . ,  Np. We can collect all the constants by defining:
def 2 / i
— A rj2
(81)
The system (80) is usually very large. For instance, with a grid of 8 x 8, (80) is a 
system of 128 equations.
A common iterative way to solve it -  upon which the relaxation method is usually 
based -  is to solve (80) for [*/,£]. In this way, at each step ¿, we compute the pseudo 
solution:
“r M  =  4+  !>£] +  4 - i [ i/ — 1>£] +  u,T-iWtZ +  1] +  4 - i k ,  i  — 1] — q ■
=  F [ v , t ; T - QJT-lW,n
(82)
where QJj - i  is computed according to the displacements ut- i - This procedure is iterated 
until convergence.
The term F[v, f; T  -  1] is a stabilization term: it is zero when V 2u [ixA t?1, ^At?2] =  0. 
The term Q3t - i Wi £\ ls a matching term. It is zero when the match measure M  reaches 
an extremum. The constant 0  rules the equilibrium between the two terms.
If n  oo, the term Qt - i W, £] has no weight at all, and the template does not 
deform: we are back in the case of an undeformable template. If 0  —> 0, the term  
QJt - i W, f] is preponderant over the term F[v, f; T  -  1]: the template is free to deform in 
any way without spending energy. The resulting problem results in a sort of “everything- 
matches-everything” situation and in general it is mathematically ill-posed [13, 16].
The dipendence of Q ^ i  on the displacement generated severe stability problems. The 
iterations failed to converge in all but the less deformed cases. To avoid these problems, 
we introduced a momentum term, weighted by a parameter A 6 [0,1]. Our iteration is:
4 m  =  (1 -  A K - i M  +  A j f - M T -  1] -  }  (83)
If A =  0, the deformation does not change, while if A =  1, we obtain the iteration 
(82). We generally used a value A «  0.3.
The parameter also plays an important role in ensuring proper convergence. It is 
function of the regularization term and has the same overall effect. The convergence 
of the numerical method to the proper solution is improved if we make 0  change during 
the iterations. We start with a high value of ft, corresponding to a very rigid template, 
and then decrease it duting the iterations to about 1/3 of its initial value.
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With this solution, the template starts looking for solutions requiring very smooth 
deformations. In doing this, it will generally capture the general trend of the deformation, 
without matching the details too closely. Then, as ft is lowered, the match term is made 
more significant, and the template begins following the details more closely, even at the 
cost of a greater deformation energy.
This decreasing process cannot be pursued too fan if becomes too small, the 
problem becomes ill-conditioned.
A method similar to this has been studied in [17], where it is shown a connection 
between the parameter il and the scale at which the template matching is made.
6 Examples
We present in this section a few preliminary examples illustrating the use of the new 
theory of elastic matching. The first example (Fig 2) deals with the rotation of a synthetic 
pattern. Fig 2.a shows the image to be matched -  the deformed instance of the template 
in Fig 2.b. Fig 2.c shows the Lagrangian coordinate system 77 of the template after 
convergence of the deformation.
To give an idea of the quality of the match, Fig 2.d shows the reconstructon of the 
template obtained by applying the inverse of the transformation u -  giving rise to the 
coordinate system in Fig 2.c -  to the image of Fig 2.a.
This exampe helps point out the difference between elastic and rigid template match­
ing: rigid matching computes a match measure between the image of Fig 2.a and the 
image of Fig 2.b, while elastic matching computes a match between the image of Fig 2.d 
and the image of Fig 2.b.
Fig 3 shows a matching example with a nonlinear deformation. The image was ob­
tained by applying the following coordinate transform:
x' -  \ x -  4 a (l  -  z )2(l -  y)2] co s0 +  [y -  4 a (l  -  x f {  1 -  y)2] sin0 (84)
y' =  y cos 9 — x sin 9 (85)
with 9 =  tt/ 20 and a  =  0.1. This corresponds to deform the image along the x axis with 
the parabolic curve
4 a (l  -  z )2(l -  y)2
and then to rotate it by 9.
Fig. 4 shows an example of a real world image. The distorted image in Fig. 4.a was 
obtained in this case by applying the transformation
x1 =  x cos 9 — y sin 9
y’ =  y cos 9 — x sin 9 (86)
The final deformation is correct everywhere -  as can be seen from the reconstructed 
template of Fig. 4.d -  except for the area in the lower right corner evidenced in Fig. 4.c. 
That is the area in which part of the image disappeared during deformation: it can be
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easily seen, comparing Fig. 4.a and Fig. 4.b, that parh of that area went out of the 
image. The deformation process, somehow, tried to match the area that in the template 
was present, with whatever was available in the image.
Finally, the image of Fig. 4 was obtained by applying the transformation
x' =  X -  7  (x  -  i )
y' =  y-  7  (y  - 5 )  (87)
where x, y £  [—1,1] are normalized image coordinates, 7  =  100 and cj =  10. The result 
of this distortion is to magnify the center of the image and to compress the borders.
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Figure 2: An example of elastic matching of a rotated synthetic pattern. In (a) is the 
target image, in (b) the template, in (c) the Lagrangian coordinate system 77 resulting 
after the deformation. The figure in (d) is used to give an idea of the final match 
obtained: it is the template reconstructed from the original image in (a) and the inverse 
of the deformation in (c).
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Figure 3: An example of elastic matching of a deformed synthetic pattern.
20
Figure 4: An example of elastic matching of a deformed image.
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Figure 5: An example of elastic matching of a deformed image.
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